A sieve is constructed for ordinary twin primes of the form 6m ± 1 that are characterized by their twin rank m. It does not suffer from the parity defect. Non-rank numbers are identified and counted using odd primes p ≥ 5. Twin-and non-ranks make up the set of positive integers. Regularities of non-ranks allow gathering information on them to obtain a Legendre-type formula for the number of twin-ranks at primorial arguments.
Introduction
Our knowledge of twin primes comes mostly from sieve methods [1] , [2] , [3] , [4] . Conventional sieves, however sophisticated, suffer from the so-called parity defect: In the second member of a pair they cannot distinguish between a prime or product of two primes. The first of many real improvements of Eratosthenes' sieve was achieved by V. Brun [5] . The best result for ordinary twin primes is due to Chen [1] , [6] proving there are infinitely many primes p with p + 2 either prime or a product of two primes.
Prime numbers p ≥ 5 are well known to be of the form [7] 6m ± 1. An ordinary twin prime occurs when both 6m ± 1 are prime.
This paper is based on the original version of Ref. [8] . Our goal here is to develop its mathematical foundations including sieve aspects and asymptotics for the twin prime counting function from the inclusion-exclusion principle applied to non-ranks (except for the remainder that is estimated in Ref. [9] ). Definition 1.1. If 6m±1 is an ordinary twin prime pair for some positive integer m, then m is its twin rank and 6m its twin index. A positive integer n is a non-rank if 6n ± 1 are not both prime.
Since 2, 3 are not of the form 6m ± 1 they are excluded as primes in the following.
Example 1. In matters concerning ordinary twin primes, the natural numbers consist of twin-and non-ranks. Only non-ranks have sufficient regularity and abundance allowing us to gather enough information on them to draw inferences on the number of twin-ranks. Therefore, our main focus is on non-ranks, their symmetries and abundance.
In Sect. 2 the twin-prime sieve is constructed based on non-ranks. In Sect. 3 non-ranks are identified in terms of their main properties and then, in Sect. 4, they are counted. In Sect. 5 twin ranks are isolated and then counted. Conclusions are summarized and discussed in Sect. 6.
Twin Ranks, Non-Ranks and Sieve
It is our goal here to construct a twin prime sieve. To this end, we need the following arithmetical function.
Definition 2.1. Let x be real. Then N(x) is the integer nearest to x. The ambiguity for x = n + 1 2 with integral n will not arise in the following. Lemma 2.2. Let p ≥ 5 be prime. Then
, if p ≡ 1 (mod 6);
, if p ≡ −1 (mod 6).
Lemma 2.5 Let p ≥ 5 be prime. Then all natural numbers
are non-ranks; there are 2 = 2 ν(p) (single) non-rank progressions to p.
sandwiched by the pair
and the non-rank k(n, p) − has 6k(n, p)
(b) If p ≡ −1 (mod 6) the non-rank k(n, p) + has 6k(n, p)
Clearly, these non-ranks are symmetrically distributed at equal distances N(p/6) from multiples of each prime p ≥ 5. The cases for n = 0 are the subject of Cor. 2.3 and Example 1. When there are more than two such nonrank progressions then another prime number will be involved. This issue will be addressed in Sect. 3.
Proof. Let p ≡ 1 (mod 6) be prime and n > 0 an integer. Then k(n, p)
by Lemma 2.2 and 6np ± (p − 1) are sandwiched by the two pairs in Eqs. (4),(5) both of which contain a composite number. Hence k(n, p) ± are non-ranks. If p ≡ −1 (mod 6) and prime, then k(n, p)
by Lemma 2.2 and 6np ± (p + 1) lead to the two pairs in Eqs. (7), (8) both of which contain a composite number again. Hence k(n, p)
± are non-ranks. ⋄ The converse of Lemma 2.5 holds, i.e. non-ranks are prime number driven.
Lemma 2.6. If k > 0 is a non-rank, there is a prime p ≥ 5 and a non-negative integer κ so that k = k(κ, p) + or k = k(κ, p) − . Proof. Let 6k + 1 be composite. Then 6k + 1 = 2 µ 3 ν , µ, ν ≥ 1 because then 6k + 1 ≡ 0 (mod 6), q.e.a. If µ = 0 then 6k + 1 ≡ 3 (mod 6), q.e.a. If ν = 0 then 6k + 1 ≡ ±2 (mod 6), q.e.a. If 6k + 1 = 2 λ 3 µ 5 ν then λ + µ ≤ 1, so 6k + 1 = 2 λ 5 ν and 6k + 1 ≡ (±2)(±1) (mod 6), q.e.a. or 6k + 1 = 3 µ 5 ν ≡ ±3 (mod 6), q.e.a. Hence 6k + 1 = p · K, where p ≥ 5 is the smallest prime divisor. If p = 6m + 1, then K = 6κ + 1 and
q.e.d. If p = 6m − 1, then K = 6κ − 1 and
The case where 6k − 1 is composite is handled similarly. ⋄ The k(n, p) ± yield pairs 6k(n, p) ± ± 1 with one or two composite entries that are twin-prime analogs of multiples np, n > 1 of a prime p in Eratosthenes' prime sieve [7] .
Concrete steps to construct a genuine prime pair sieve will be taken in the next section. But it is worth pointing out that many of the non-ranks determined using Lemma 2.5 can be found with the help of primes lower than p, but none of them can be found using primes greater than p. This feature is important because it ensures that, once a number is shown to be a twin rank by some prime up to a certain prime, it is not going to be shown to be a non-rank by any larger primes.
Identifying Non-Ranks
Here it is our goal to systematically characterize and identify non-ranks among natural numbers.
Example 3.
These k ± form the set A 
are gaps between non-ranks of the prime p ≡ 1 (mod 6). So are np + p−1 6
. And so are . Thus, for p = 5 the gaps 2, 3 in the set A − 5 of non-ranks simply alternate. Proposition 3.3. The arithmetic progressions 6 · 5n ± 1, 6(5n + 2) ± 1, 6(5n + 3) ± 1, n ≥ 0 contain all twin prime pairs except for 3, 5; 5, 7.
Note that the arithmetic progression 6(5n + 1) + 1 contains 7 of the twin 5, 7 for n = 0 and infinitely many non-twin primes (by Dirichlet's theorem) like 37, while 6(5n+1)−1 is composite except for n = 0. The set of constants c ∈ C 5 = {0, 2, 3} of 5n + c in Prop. 3.3.
Prop. 3.3 is the first step of the twin-prime sieve.
Proof. From {6m ± 1 : m = 5n, 5n ± 1, 5n ± 2, m > 0} we strike all pairs 6(5n + 1) ± 1, 6(5n − 1) ± 1 resulting from non-ranks of A − 5 . ⋄ For p = 7, we now subtract from the set A + 7 = {7n ± 1 > 0 : n > 0} of non-ranks the non-ranks of p = 5. The remaining set A 7 comprises the non-ranks to parent prime p = 7.
Lemma 3.4. The set A 7 of non-ranks to parent prime p = 7 comprises the arithmetic progressions {7(5n
The initial non-ranks are A In short notation we list the constants c of the arithmetic progressions 35n+c as C 7 = {c} = {0, 2, 3, 5, 7, 10, 12, 17, 18, 23, 25, 28, 30, 32, 33}; C 5 ⊂ C 7 . Except for 0, 28 all c are twin ranks. We call the non-rank 28 to prime 13 an intruder.
Proof. Using Lemma 3.4, we strike from the arithmetic progressions of Prop. 3.3 (replacing n → 7n, 7n + 1, . . . , 7n + 6) all pairs resulting from nonranks in A 7 , which are 6[7(5n + 1) this yields the set A ′ 11 = {5·11n±2, 11(5n+1)+2, 11(5n+2)−2, 11(5n+3)+ 2, 11(5n + 4) − 2 : n ≥ 0} of arithmetic progressions. Next we subtract from A ′ 11 the common (double) non-ranks of A 7 . Again there are four arithmetic progressions 7(11n + 2) − 1 = 11(7n + 1) + 2, n ≥ 0; 7(11n + 3) − 1 = 11(7n + 2) − 2, n ≥ 0; 7(11n + 8) + 1 = 11(7n + 5) + 2, n ≥ 0; 7(11n + 9) + 1 = 11(7n + 6) − 2, n ≥ 0.
This yields A 11 , the non-ranks to parent prime p = 11. In the short notation of Prop. 3.5, the arithmetic progressions 2 · 3(5 · 7 · 11n + c) ± 1 containing all twin primes are C 11 = {0, 2, 3, 5, We now display characteristic properties of ordinary twin primes that shed light on the pivotal role of N(p/6) and the relevance of non-ranks of Lemmas 2.5 and 2.6 for twin primes.
Theorem 3.6. Let p ′ > p ≥ 5 be primes such that N(
).
. Suppose p ≡ 1 (mod 6), then N(
and
. Hence p ′ = p − 2, q.e.a. So p ≡ −1 (mod 6) and N(
. Hence p ′ = p, q.e.a. So p ′ ≡ 1 (mod 6) and N(
), q.e.a. Hence p ≡ −1 (mod 6) and N(
. Therefore
> 0 for n = 0, 1, 2, . . . and
are their common non-ranks. Note that, again, there are four arithmetic progressions of common or double non-ranks.
Proof. Using N(p ′ /6) = N(p/6) = We now consider more systematically common non-ranks of pairs of primes, generalizing Cor. 3.7 to arbitrary prime pairs p, p ′ .
) + l and common non-ranks of p ′ , p are, for n = 0, 1, . . . ,
provided the nonnegative integers r, r ′ solve
Eq. (15) 
then the common non-ranks are
) + l, and common non-ranks of p ′ , p are
provided r, r ′ solve
If r, r ′ solve
If
Note that, again, there are 4 = 2 ν(pp ′ ) arithmetic progressions of common or double non-ranks to the primes p ′ , p in all cases. When there are more than four non-rank progressions then a 3rd prime will be involved. This case is the subject of Theor. 3.11 below. Proof. By substituting p ′ , N(p ′ /6) in terms of p, N(p/6) and l, respectively, it is readily verified that Eqs. (14), (15) For p ′ = 13, p = 7 Eq. (19), 7(r ′ −r) = 6r+1, has the solutions r = 1, r ′ = 2, and Eq. (18) with plus signs displays common non-ranks of 7, 13, n ≥ 0; and Eq. (19), 7(r ′ − r) = 6r − 1, has the solutions r = 6, r ′ = 11, so Eq. (18) with minus signs displays common non-ranks of 7, 13, n ≥ 0. 
Theorem 3.11. (Triple non-ranks)
replace n → 7n + ν, drop 5 · 7 · 11n and set the rhs to 7µ + 1 :
Since 5 · 11 + 9 = 7(11 − 2) + 1 the solution is ν = 1, µ = 9. Putting back 5 · 7 · 11n we obtain the triple non-rank system
Setting the rhs to 7µ − 1 yields the second such solution Proof. This is proved by induction on m. Theors. 3.9 and 3.11 are the m = 2, 3 cases. If Theor. 3.13 is true for m then for any case 5 ≤ p m+1 < p 1 < · · · < p m , or . . . , 5 ≤ p 1 < · · · < p m+1 , we substitute in an m−fold non-rank equation n → p m+1 n + ν as in the proof of Theor. 3.11, again dropping the n m+1 1 p i term. Then we get
with a unique residue ν (mod p m+1 ) so that the lhs of Eq. (48) becomes ≡ N(
) (mod p m+1 ), which then determines µ. In case the lhs of Eq. (48) has p 1 (. . .) − N(p 1 /6) the argument is the same. This yields an (m + 1)−fold non-rank progression since each sign in Eq. (48) gives a solution. Hence there are 2 m+1 such non-ranks. At two non-ranks per prime there are at most 2 m non-rank progressions. ⋄ Remark 3.14. In the multiple non-rank equations, n m 1 p i contains the n−dependence, while the arithmetical details r i are in other additive terms that are independent of n. This is the reason why the counting of non-ranks in the next sections will be independent of these arithmetical details.
Proof. In order to determine G(p) we have to eliminate all non-ranks of primes 5 ≤ p ′ < p from A p . It suffices to treat the non-ranks a for n = 0. As in Lemma 3.4 we start by subtracting the fraction 2/5 from the interval 1 ≤ a ≤ L(p) of length L(p), then 2/7 for p ′ = 7 and so on for all p ′ < p. The factor of 2 is due to the symmetry of non-ranks around each multiple of p ′ according to Lemma 2.5. This leaves p 5≤p ′ <p (p ′ − 2) numbers a. The fraction 2/p of these are the non-ranks to parent prime p, which proves Prop. 4.3. ⋄ Prop. 4.3 implies that the fraction of non-ranks related to a prime p in the interval occupied by A p ,
where p ′ is prime, decreases monotonically as p goes up. Definition 4.4. Let p ≥ p ′ ≥ 5 be prime. The supergroup S p = 5≤p ′ ≤p A p ′ contains the sets of non-ranks corresponding to arithmetic non-rank pro- 
where p is prime, monotonically decreases as p i goes up.
(ii) The number of non-ranks in a supergroup
(iii) The fraction of non-ranks of their arithmetic progressions in the 
The extra factor 0
(ii) The fraction of remnants in S p j ,
where p is prime, decreases monotonically as p j → ∞. 
Remnants and Twin Ranks
When all primes 5 ≤ p ≤ p j and appropriate nonnegative integers n are used in Lemma 2.5 one will find all non-ranks k < M(j + 1) ≡ (p 2 j+1 − 1)/6. By subtracting these non-ranks from the set of positive integers N ≤ M(j + 1) all and only twin ranks t < M(j + 1) are left among the remnants, i.e. twin primes with index T < p 2 j+1 − 1. If a non-rank k is left then 6k ± 1 must have prime divisors that are > p j according to Lemma 2.5, which is impossible. be the arithmetic progressions that contain the non-ranks a
i ] ± 1 be the arithmetic progressions that contain the ordinary twin primes with c
is a twin rank or intruder nonrank to a prime p > p j+1 , then c
(ii) The set of constants c (j+1) i of arithmetic progressions containing the twin ranks from the next supergroup S p j+1 is
If there are positive integers 0 ≤ l, l
Prop. 5.3 is the inductive step completing the practical sieve construction for ordinary twin primes. Props. 3.3, 3.5 and Lemma 3.4 are the initial steps.
i is a twin rank or non-rank to a prime p > p j+1 . If it is non-rank to p j+1 then c (j) i ∈ C p j+1 , which proves (i). Replacing in (ii) n → p j+1 n + l, l = 1, 2, . . . , p j+1 − 1 and subtracting the resulting sets from each other, we obtain (ii). Twin ranks are located among the remnants R p for any prime p ≥ 5. The main goal in this Sect. 5 is to establish the inclusion-exclusion principle for non-ranks and use it to derive the twin prime version of Legendre's formula for π(x) − π( √ x) extracted from Eratosthenes' sieve [1] , [4] . The prime p j here plays the role of the variable √ x there, and the front twin ranks here correspond to the primes p < √ x left over after striking out their multiples there. Theorem 5.5. Let R 0 be the number of remnants of the supergroup S p j , where p j is the jth prime number, M(j + 1) = [p 
where L j (x) = p j <n≤x p, and O(1) accounts for the less than perfect cancel-
The twin primes are not directly sieved, rather twin ranks m are with 6m ± 1 both prime. All other natural numbers are non-ranks. These are much more numerous and orderly than twin ranks. Surprisingly, their order is governed by all primes p ≥ 5. In contrast to other sieves, primes serve to organize and classify non-ranks in arithmetic progressions with equal distances (periods) that are primes (≥ 5) or products of them.
The coefficient c 2 e −2γ ≈ 0.416213 in the asymptotic law of the main term R M of π 2 (6x + 1) in Theor. 5.8 is a little less than a third of the HardyLittlewood constant 2c 2 ≈ 1.320320. In Ref. [9] the remainder R E is shown to be at most of the order of the main term divided by any positive power of log x. To put the deviation from the Hardy-Littlewood law in perspective, our "minimal" asymptotic law holds only near primorials. In the large gaps between those special arguments there is room for other asymptotic laws.
Finally, needless to say, the genuine sieve has no consequences for other twin primes or the Goldbach problem [7] .
